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A point charge in the presence of a metallic nanoshpere is a fundamental setup, which has impli-
cations for Raman scattering, enhancement of spontaneous emission of a molecule by an antenna,
sensing, and modeling a metallic tip in proximity to a nanoparticle. Here, we analytically expand
the electric field of a point charge in an 2 host medium in the presence of an 1 sphere using the
sphere eigenstates, where 1 and 2 can take any values. Only the m = 0 spherical harmonics are
employed in the expansion and the calculation of the potential and the electric field is very simple.
The electric field is strongly enhanced when 1/2 is close to an (1/2)l eigenvalue of a dominant
mode, which is determined by the point charge location and the measurement point. An electric
field exists inside the sphere when 1/2 is close to a (1/2)l resonance even when 1 is a conductor.
Low order modes generate an electric field far away from the interface, where the l = 1 mode with
a resonance at 1 = −22 generates a field at the sphere center. The high order modes which are
associated with high spatial frequencies become more dominant when the point charge approaches
the sphere surface or when the physical parameters are close the high order modes resonances.
When 1/2 is smaller or larger than the eigenvalues of the dominant modes, the modes interfere
constructively and generate a strong signal at an angular direction equal to that of the source. The
spectral information at the sphere surface may be utilized to calculate the point charge location
without knowing its magnitude.
PACS numbers: 42.79.-e, 42.70.-a, 78.67.Sc, 78.66.Sq
I. INTRODUCTION
The electrostatic potential of a point charge in prox-
imity to a conducting sphere was calculated analytically
long ago [1]. This calculation assumes a constant poten-
tial on the sphere envelope and uses the method of images
to construct a potential outside the sphere. Scattering
eigenstates of Maxwell’s equations have been exploited
to calculate the electric field in electrostatics [2–6] and
in electrodynamics [7, 8]. Recently, a procedure to treat
current sources using the electrodmagnetic spectral ex-
pansion has been introduced [8]. Here, we introduce a
procedure to treat charge sources using the electrostatic
eigenstate expansion. In addition, we show that when
the system is close to a resonance strong electric field
exists inside the sphere even if it is a conductor.
Potential applications are enhancement of spontaneous
emission of a molecule by an antenna [9] in the quasistatic
regime, modeling a tip in proximity to a nanosphere,
near field imaging, sensing, and Raman spectroscopy. In
particular, enhancement of Raman scattering and spon-
taneous emission of a molecule become more dominant
when the field intensity is higher, which can be obtained
when the system is close to a resonance. Near field imag-
ing exploits evanescent waves to generate an image with
resolution which is better than the diffraction limit. In
this technique a 2D image is generated by scanning the
surface with a scattering tip. We show that the spectral
∗Electronic address: asaffarhi@post.tau.ac.il
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information of the electric field can be utilized to calcu-
late the point charge location when it is not at the sphere
surface, which we define as the detector.
In Sec. II we present the theory and introduce a proce-
dure to treat charge sources. In Sec. III we describe how
we can obtain the point charge location from the spectral
content of the electric field on the sphere surface. In Sec.
IV we present the potential and the electric field for per-
mittivity values which are close to the resonances of the
dominant eigenstates. In Sec. V we discuss our results
and potential applications.
II. THEORY
In the quasistatic regime Maxwell’s equations reduce
to Poisson’s equation for the electric potential ψ
∇ · (∇ψ) = −4piρ. (2.1)
By expressing the permittivity using the step functions
θ1, θ2 of the the 1 and 2 media [θi(r) = 1 when (r) = i,
otherwise θi(r) = 0] we write
∇ · ((1θ1 + 2θ2)∇ψ) = −4piρ,
∇2ψ = −4piρ+ u∇ · (θ1∇ψ), u ≡ 1− 1
2
. (2.2)
This is transformed to [2]
ψ = ψ0 + uΓψ, (2.3)
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where
Γψ =
ˆ
dV ′θ1 (r′)∇′G0 (r, r′) · ∇′ψ (r′) ,
G0 =
1
4pi |r− r′| , ψ0 =
q
2 |r− r0| , (2.4)
and r0 is the point charge position.
The eigenstates satisfy Eq. (2.3) when there is no
source, namely
snψn = Γψn,
1
sn
≡ un = 1− 1n
2
. (2.5)
By defining the scalar product
〈ψ|φ〉 ≡
ˆ
dV θ1∇ψ∗ · ∇φ, (2.6)
Γ becomes an Hermitian operator and therefore it has
a complete set of eigenfunctions. We insert the unity
operator in Eq. (2.3) and arrive at
ψ = ψ0 +
∑
n
sn
s− sn 〈ψn|ψ0〉ψn, s ≡ 1/u (2.7)
where ψn are the normalized eigenstates.
The sphere eigenstates are [2]
ψn ≡ ψlm (r) = Ylm (Ω)
(la)
1/2
·
{ (
r
a
)l
r < a(
a
r
)l+1
r > a
, (2.8)
where a is the sphere radius, Ylm are the spherical har-
monics, and the eigenvalues are
1l = −2 l + 1
l
, slm ≡ sl = l
2l + 1
. (2.9)
Clearly at the l →∞ limit, sl → 1/2. Thus, for a choice
of s ≈ 1/2 the high order modes make a large contribu-
tion to the potential [2, 3, 6].
Now we proceed to calculate the scalar product
〈ψlm|ψ0〉 . A direct calculation according to Eq. (2.6) is
difficult due to the fact that ψ0 is not trivially expressed
as a function of r. We therefore exploit the fact that
ψ0 (r) = 4pi/2
´
G (r, r′) ρ(r′)dV ′ and use Eq. (2.5) to
obtain
〈ψlm|ψ0〉 = 4pi
2
ˆ ˆ
θ1∇ψ∗lm · ∇G (r, r′) ρ (r′) dV ′dV
=
4pi
2
sl
ˆ
ψ∗lm (r
′) ρ (r′) dV ′
=
4piq
2
slψ
∗
lm (r0) , (2.10)
where we assumed a point charge ρ = qδ3(r − r0). We
finally get
ψ (r) = ψ0 (r) +
4piq
2
∑
l,m
s2l
s− slψ
∗
lm (r0)ψlm (r) . (2.11)
It can readily be seen from Eqs. (2.8) and (2.11) that as
the point charge approaches the sphere interface ψ∗lm (r0)
of the high order modes becomes non-negligible and they
become more dominant in the expansion. In addition,
low order modes decay more slowly away from the inter-
face and can therefore generate fields far away from the
interface.
The ratio 1/2 can be chosen to enhance a contribu-
tion to the electric field of one or more modes. We can
therefore decompose each term in the sum in Eq. (2.11)
into (4piq/2) s2l ψ
∗
lm (r0)ψlm (r) , which does not depend
on s, and 1/(s− sl) which is determined by the distance
between physical s and an eigenvalue sl.
For a point charge at r0 = z0zˆ, ψ∗lm (r0) = ψlm (r0)
and ψlm (r0) 6= 0 only when m = 0. Thus, ψ (r) is inde-
pendent of the azimuthal angle φ and the sum in the last
equation is considerably simplified. In addition, it can
be seen that when the ratio 1/2 is fixed, ψ (r) /ψ0 (r)
is also fixed since 2 cancels out. Therefore, the relative
effect of a sphere inclusion on the potential and the elec-
tric field does not change when keeping this ratio fixed,
even when 1 is large. For example, the l = 1 resonance
occurs when 1 ≈ −22. Since Im (2) ≈ −Im (1) /2 if 1
has small dissipation, 2 with smaller gain is required for
the resonance and therefore 2 with small dissipation will
still be close to the resonance. In addition, this mode ex-
tends far from the interface and generates fields far from
the interface. When down scaling the system by a factor
b we get that |E|2 increases by a factor of b4 as is the
case for a point charge in a uniform medium.
To verify our result in Eq. (2.11) we placed a point
charge at r0 = z0zˆ and took the 1 →∞ limit, assuming
2 is finite. We then summed a geometric series to obtain
the known textbook result for r on the positive z axis
ψ (r) = ψ0 (r)− qa/z0|r − a2/z0| . (2.12)
The electric field can be written as follows
E (r) = −∇ψ0 (r)−Escat, (2.13)
where
Escat ≡ −4piq
2
∑
l
s2l
s− slψ
∗
lm (r0)∇ψlm (r) ,
∇ψlm (r) = erYlm ∂fl (r)
∂r
+ eφ
fl (r)
r sin θ
imYlm + eθ
fl (r)
r
∂Yl,m
∂θ
, (2.14)
2
fl (r) =
1
(la)
1/2
{ (
r
a
)l
r < a(
a
r
)l+1
r > a
,
∂fl (r)
∂r
=
1
(la)
1/2
{
l
(
r
a
)l 1
r r < a
− (l + 1) (ar )l+1 1r r > a ,
and where ∂ψlm/∂θ can be written as [10]
∂ψlm
∂θ
= eθ
fl (r)
r sin θ
[
l (l + 1)
[(2l + 1) (2l + 3)]
1/2
Yl+1,m − l (l − 1)
[(2l − 1) (2l + 1)]1/2
Yl−1,m
]
. (2.15)
Note that the field of the l = 1 mode does not van-
ish at the origin, and that Legendre polynomials satisfy
pl(x = 1) = 1, Yl,m=0 (θ = 0) = 1. In addition, Leg-
endre polynomials are even or odd functions and there-
fore Yl,m=0 (θ = pi) = ±1. Hence, when s is very close to
a resonance a dominant mode is excited and the inten-
sity peaks at both θ = 0 and θ = pi. The l components
Escat, r,l at θ = 0 have a positive sign for sl < s and a
negative sign for sl > s. The l components Escat, r,l at
θ = pi have alternating signs but at the transition be-
tween sl < s and sl+1 > s since the coefficient 1/(s− sl)
also changes sign Escat, r,l and Escat, r,l+1 have the same
sign. Thus, when s ≈ (sl + sl+1)/2 the dominant l and
l + 1 modes will interfere destructively at θ = 0 and in-
terfere constructively at θ = pi. When s < sl for every
l which corresponds to 1 & −22, all Escat, r,l at θ = 0
have the same sign and they interfere constructively to
generate a strong signal. In this case the low order modes
which extend far from the sphere surface are strongly en-
hanced. Similarly, when s > sl for every l which corre-
sponds to 1 . −2, all Escat, r,l at θ = 0 interfere con-
structively and a strong signal is expected there. In this
case the high order modes which are associated with high
spatial frequencies are strongly enhanced. When s > sl
or s < sl for every l the signs of Escat, r,l alternate at
θ = pi and a relatively weak signal is expected there.
III. CALCULATING THE POINT CHARGE
LOCATION FROM THE SPECTRAL CONTENT
OF THE ELECTRIC FIELD
In the far field, a point in the object is mapped
into a point in the image due to constructive interfer-
ence, enabling 3D imaging. Near field imaging exploits
evanescent waves and achieves resolutions better than the
diffraction limit. However, measuring an electric field in
the near field region produced by a point source which
is not very close to the detector is usually difficult. This
is since the modes decay exponentially with distance and
since there can be orders of magnitude differences among
electric field intensities produced by point sources at dif-
ferent distances from the detector. When we are close
to a resonance, the local physical field is enhanced and
there is a significant field also due to point sources that
are not very close to the detector (e.g., at the sphere sur-
face). Thus, high order components of the electric field
can be detected. For a single point charge source, which
we will treat as the object, the image field itensity will
be maximal at an angular direction equal to that of the
source and at the reflected direction vis-a-vis the spheri-
cal surface (see Sec. II).
We start by calculating the field at the sphere surface
and requiring full retrieval of an l mode of the electric
field. We expand ψ0 inside the sphere, where there are
no sources, using the unity operator. We then take the
gradient to obtain the following expression for the electric
field which is valid inside the sphere
Einside = −
∑
l,m=0
[
〈ψl,m|ψ0〉∇ψlm + sl
s− sl 〈ψlm|ψ0〉∇ψlm
]
= −
∑
l,m=0
s
s− sl 〈ψlm|ψ0〉∇ψlm. (3.1)
We calculate from this expression the electric field at
r = a+, i.e. just outside the sphere, using continuity
conditions (note that the rhs is taken at r = a−, not
r = a+)
E
(
r = a+, θ
)
= −
∑
l,m=0
s
s− sl 〈ψlm|ψ0〉
(
1
2
∂ψlm
∂r
rˆ+
1
r
∂ψlm
∂θ
θˆ
)
r=a−
.
(3.2)
The magnitudes of the high order modes in the expan-
sion of a point charge field in a uniform medium become
smaller as the point charge is farther from the sphere sur-
face (see the expansion of ψ0 in Eqs. (3.1) and (3.2)). We
treat r = a+zˆ as the measurement point and require that
for a given mode the electric field enhancement due to the
presence of the sphere will compensate for the decay of
the field due to the distance between the point charge
source and the measurement point. We therefore require
that an l component of the electric field of a point charge
at r0 = z0zˆ measured at the sphere surface at r = a+zˆ
and an l component of the electric field of a point charge
in a uniform medium at r0 = a+zˆ and a measurement
3
point also at r = a+zˆ will be equal
Er,l, sphere setup (r = a
+zˆ, r0 = z0zˆ)
Er,l, uniformmedium (r = a+zˆ, r0 = a+zˆ)
=
2
1
ssl
s−slψlm (r0 = z0zˆ)
∂ψlm
∂r
∣∣∣
r=a−zˆ
slψlm (r = a+zˆ)
∂ψlm
∂r
∣∣∣
r=a−zˆ
=
2
1
s
s− sl (a/z0)
l+1 ' 1, (3.3)
where we have used Er,l (r = a−zˆ) = Er,l (r = a+zˆ) for
a point charge in a uniform medium. Assuming s '
1/2, sl − s ' 0.0025 we obtain
(a/z0)
l+1 ' 2 (sl − s) ' 0.005,
and for l = 10 we get
z0/a ' 1.62.
This means that if we assume 1 ' −2, s − sl '
(1 − 1l) /(42) and for 2 = 1.5, 1 − 1l ' 0.015 and
z0/a . 1.62, the l = 10 mode magnitude is equal to
or higher than its magnitude when measuring the elec-
tric field at the point charge location (uniform medium).
The angular half width of this mode near θ = pi calcu-
lated using the l = 10 Legendre polynomial is 0.14 rad
which translates to 4nm for a sphere with a radius of
30nm. Note that if 1 has dissipation we can get closer
to a real sl by using 2 with gain [5].
We now calculate the point charge location using the
spectral content of the electric field on the sphere surface.
The electric field of a point charge at the sphere surface
is composed of modes with magnitudes which depend on
the point charge location. Thus, the spectral information
of the electric field is affected by the point charge loca-
tion. If s u sl, the electric field is dominated by this l
mode. Alternatively, if the radial component of the elec-
tric field on the sphere surface can be measured then by
using a spherical harmonics transform defined by
F (l,m) =
ˆ
ErY
∗
lmdΩ, (3.4)
we can obtain the spectral content of an l,m mode
in the expansion of the physical electric field. Note
that this transform gives the spectral content since´
Yl′m′Y
∗
lmdΩ = δll′δmm′ and Er,lm has a Yl,m associated
with it. To perform the transform we need to choose
a coordinate system so that θ = 0 points to the point
charge location. Since the maximal intensity is always at
θ = 0, pi we must choose between them to define θ = 0 ac-
cording to the s value (see discussion above) or by know-
ing in which half-space the point charge is located. The
ratio between the magnitudes of the l1 and l2 components
of the electric field of a point charge located at r0 = z0zˆ
is
F (l1,m = 0)
F (l2,m = 0)
=
l1 + 1
l2 + 1
l2
l1
sl1
sl2
s− sl2
s− sl1
al1−l2zl2−l10 . (3.5)
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FIG. 1: |Er,l(r)(s − sl)| at r = a−zˆ and r = a+zˆ, i.e. just
inside and just outside the sphere, and at r = z0zˆ as a function
of l for 2 = 1, z0 = 1.5a, a = 30nm
Thus, from this ratio we can calculate the point charge
location z0. Now using z0 it is straightforward to calcu-
late q from any F (l,m) component. In order for the l
mode fields of two point charges q1 and q2 located at
z01zˆ and z02zˆ, respectively, to be comparable in magni-
tude we can require 0.1 . q1/q2 · (z02/z01)l+1 . 10. For
example, for the l = 10 mode assuming q1 = q2 we ob-
tain that for comparable field intensities we must have
0.9 . z01/z02 . 1.11. Thus, objects in a range of 3nm
along r for a sphere with a radius of 30nm produce com-
parable field intensities at the sphere surface.
IV. RESULTS
We first considered 2 = 1 and a point charge lo-
cated at z0 = 1.5a, where a = 30nm. In order to ex-
clude the effect of the choice of physical s on the results
we decomposed each term in the sum in Eq. (2.13) into
(−4piq/2) s2l ψ∗lm (r0)∇ψlm (r) , which does not depend
on the choice of s, and 1/(s−sl). The size of the last fac-
tor is determined by the distance between the physical s
and the eigenvalue sl. We calculated
|Er,l(r)(s− sl)| =∣∣∣∣4piq2 s2l ψ∗l,m=0 (r0) ∂ψl,m=0 (r)∂r
∣∣∣∣ (4.1)
at r = a−zˆ, i.e., just inside the sphere, up to l = 20.
Note that the spectral components of E0 = −∇ψ0 can
be included in the calcuation of Er,l(r) both inside the
sphere and at the sphere surface. We found that the
l = 3 mode with sl = 0.4286, 1,l=3 = −4/3 is the most
dominant one. In Fig. 1 we present the results as a
function of l.
We then chose 1 = −1.3256, s = 0.43 which are close
to the l = 3 mode resonance. We calculated the electric
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FIG. 2: |E|2 for a point charge at z0 = 1.5a, a = 30nm, s =
0.43, 2 = 1, 1 = −1.3256
field for these s and 1 values. The calculation of the
electric field was performed analytically using Eq. (2.14).
In Fig. 2 we present the intensity of the electric field.
It can be seen that the electric field is significantly en-
hanced with maximal intensity at the interface between
the sphere and the host medium at θ = 0, pi.
We also calculated |Er,l(r)(s − sl)| at r = a+zˆ, i.e.
just outside the sphere, and at the point charge location
(r = 1.5azˆ — see Fig. 1). The most dominant modes at
r = a+zˆ and at the point charge location (r = 1.5azˆ) are
l = 2 and l = 1 respectively. The contributions to the
electric field inside and outside the sphere do not need
to have the same l dependence since continuity of Dr for
each mode is satisfied for the eigenvalue 1l but not for
1.
We then calculated |Er,l(r)(s − sl)| for z0 = 2a. The
most dominant modes of the electric field at r = a−zˆ,
r = a+zˆ and at the point charge location (r = 2azˆ) were
found to be l = 2, l = 1, and l = 1 respectively.
Then, for a point charge located at r0 = 1.15azˆ we cal-
culated |Er,l(r)(s−sl)| at both r = a−zˆ and r = a+zˆ and
at the point charge location (r = 1.15azˆ), and the most
dominant modes were found to be l = 8, l = 7, and l = 3,
respectively (see Fig. 3). Thus, as the point charge ap-
proaches the sphere interface the most dominant modes
are of higher order, including for a measurement at the
point charge location. These calculations necessitated
50 modes in the expansion. Here, we were interested to
excite a high order mode and compromise on intensity,
which is high anyway. We therefore chose s = 0.487
which corresponds to 1 = −1.0534 and is close to the
sl=20 = 0.4878 resonance. In Fig. 4 we present the elec-
tric field intensity. It can be seen that the field intensity
is greatly enhanced. In addition, the field is highly local-
ized at θ = pi with exp(−1/2) of the maximal intensity
at ' 2nm from the maximum.
We were then interested to consider a system that is
close the l = 1 resonance. The electric field of the l = 1
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FIG. 3: |Er,l(r)(s − sl)| at r = azˆ inside and outside the
sphere and at r = z0zˆ as a function of l for 2 = 1, a point
charge located at z0 = 1.15a, a = 30nm
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FIG. 4: |E|2 for a point charge at z0 = 1.15a, a = 30nm, s =
0.487, 2 = 1, 1 = −1.0534
mode extends far from the interface and does not vanish
at the origin. A resonance of this mode occurs when
the material parameters satisfy 2 ≈ −1/2 and with
small and positive Im(1) and Im(2) we can approach
this resonance. We chose 1 = −3.38 + 0.192i (silver at
380nm) and 2 = 1.69 + 0.08i and placed a point charge
at r0 = 2azˆ. In Fig. 5 we present |E|2 in space. It can be
seen that there is a strong electric field inside the sphere
even thought it is a conductor.
Finally, we calculated |E|2 for setups in which s is
smaller or larger than sl of all the dominant modes.
In these setups the low and high order modes interfere
constructively at θ = 0. In Fig. 6 we present |E|2 for
z0 = 3.5a and s = 0.3 (2 = 1, 1 = −2.33) which is
smaller than all the eigenvalues sl. It can be seen that
the intensity is strong at θ = 0 and that the electric field
extends far from the sphere surface since s is closer to sl
of the low order modes. In Fig. 7 we present |E|2 for
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FIG. 5: |E|2 for a point charge at z0 = 2a, a = 30nm, s =
1/3, 2 = 1.69 + 0.08i, 1 = −3.38 + 0.192i
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FIG. 6: |E|2 for a point charge at z0 = 3.5a, a = 30nm, s =
0.3, 2 = 1, 1 = −2.33
z0 = 1.5a and s = 0.492 (2 = 1, 1 = −1.0325) which
is larger than the eigenvalues sl of the dominant modes.
The intensity is again strong at θ = 0 and is spatially con-
centrated since s is closer to sl of the high order modes
which are associated with high spatial frequencies.
To verify our results we checked the continuity of the
physical Dr at the interface. In the electric field expan-
sions E0 is continuous and all the eigenstates satisfy con-
tinuity of Dr with their 1l eigenvalue. Thus, none of the
terms in the expansion is expected to satisfy continuity
of physical Dr at the interface. Our calculations showed
that the physical Dr is continuous at the interface for
various s values to a high accuracy.
The calculations were performed using a grid of 70×70
in y, z axes. In our calculations of the potential and the
electric field in all space, the running times on a single
core were ∼ 2, 3, 8s for z0 = 2a, 1.5a, 1.15a, respectively,
which can be reduced by an order of magnitude with code
optimization in Matlab.
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FIG. 7: |E|2 for a point charge at z0 = 1.5a, a = 30nm, s =
0.492, 2 = 1, 1 = −1.0325
V. DISCUSSION
We presented an analytic expansion of the potential
and the electric field for a setup of an 1 sphere embedded
in an 2 host medium, where the permittivity values of
the sphere and the host medium can take any value. For
a point charge on the z axis at z0 the expansion only in-
cludes them = 0 terms and involves up to 20 terms when
z0 & 1.5a. For a given charge location and measurement
point a dominant mode can be readily identified and one
can select a sphere permittivity value which is close to
the mode resonance in order to obtain a significant en-
hancement of the electric field.
We placed a point charge at z0 = 1.5a, z0 = 1.15a, z0 =
2a and z0 = 3.5a and permittivity values which are
close to a resonance. We observed very high enhance-
ment of the electric field. Interestingly, a significant elec-
tric field can exist inside the sphere even it is a con-
ductor, when 1/2 is close to (1/2)l of a dominant
mode. The high order modes become non-negligible as
the point charge approaches the sphere surface. The low
order modes decay more slowly and generate an electric
field away from the surface. Very high resolution is ob-
tained when a high order mode is excited since high or-
der modes are associated with high spatial frequencies.
When s ≈ (sl + sl+1)/2 the dominant l and l + 1 modes
interfere constructively at θ = pi. When 1 & −22, the
radial field component of all the modes at θ = 0 interfere
constructively and generate a strong signal dominated
by the low order modes which extend far from the sphere
surface. Similarly, when 1 . −2 the radial field compo-
nent of all the modes at θ = 0 interfere constructively and
a strong signal dominated by the high order modes which
are associated with high spatial frequencies is generated.
We showed that the spectral information at the sphere
surface can be utilized to calculate the point charge loca-
tion without knowing its magnitude. In addition, when
the system is close to a resonance the high order modes
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of the electric field can be retrieved. These may have
relevance for near field imaging of objects that are not at
the surface. To assist in balancing the magnitudes of the
signals from distanced sources, the magnitude of the light
sources can be larger for larger rs, which can be achieved
by back light. Gain can both enhance the incoming field
and enable s that is closer to the sl resonances which are
real. Another possible mechanism to enable detection of
high order modes in the expansion of the electric field
of a point charge that is not very close to the surface
is to mediate them through resonant particles inside the
medium which enhance them, similarly to the isolated
sphere. Since we can calculate the point charge location
for a single point charge, selectively exciting local points
which radiate at different times may enable to retrieve
their locations too [11, 12]. A similar analysis can be
formulated for a setup of a flat slab in a host medium [5]
where the spectrum of the eigenvalues is continuous.
Potential applications are enhancement of spontaneous
emission of a molecule by an antenna [9], where the point
charge and the sphere can model the molecule and the
antenna, respectively, sensing, modeling a tip in prox-
imity to a metallic nanosphere, near field imaging, and
Raman spectroscopy. Finally, since the expansion em-
ploys a small number of terms for a single point charge
source, calculating the potential and the electric field in
all space is very fast.
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